We note that for an imprimitive χ no non-trivial bound for |S n (χ, λ, X)| can be obtained. Consider, for instance, the case where n = p k (p odd prime and k ≥ 2) and χ being induced by a (primitive) character modulo p. Let λ ≡ 1 (mod p), λ ≡ 1 (mod p 2 ), a + b ≡ 1 (mod p) and p ab. Then it is easily seen that λ belongs to exponent p k−1 modulo n and that S n (χ, λ, X) = X for X ≥ 1.
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Furthermore, we show that in certain cases the inequality (1.3) is essentially best possible.
Let χ be a primitive character modulo n, g be a primitive root modulo n, and a, b be integers with p ab. Let S n (χ, g, X) be as in (1.2) . Then
where the implicit constant is absolute.
Our second purpose is to generalize (1.1) to general finite fields. As usual, let F q denote the finite field of q = p k elements (p prime and k ≥ 1), and let F * q be the multiplicative group of non-zero elements of F q . Let F * q be the set of all multiplicative characters of F * q , and ε ∈ F * q be the trivial character. For any ψ ∈ F * q it is convenient to extend the definition of ψ by setting ψ(0) = 0.
By Theorem 3 and an argument similar to that used in Burgess [1, §6] , we have the following result which may be of independent interest. 
where ω(q−1) is the number of different prime divisors of q−1, and |θ| ≤ 4.
Finally, we show that the inequality (1.6) is also close to best possible.
Proof of Theorem 1.
Our argument is a modification of that used in the proof of the Pólya-Vinogradov inequality mentioned above.
Write e n (y) = e 2πiy/n as usual. For any Dirichlet character ψ modulo n, the Gaussian sum G(ψ) is defined by
where the accent indicates that we only consider those y coprime to n. For reference purposes, we state the following well known result in the form of a lemma (cf. Davenport [2, §9] ).
ψ(y)e n (my).
(
ii) If ψ is a primitive character modulo n, then (2.2) holds for any m. (iii) For any character ψ modulo n we have |G(ψ)| ≤ √ n, and the equality holds if and only if ψ is primitive.
We now prove Theorem 1. Since χ is a primitive character modulo n, we have by Lemma 1(ii) and (1.2),
say. Further, since (ayλ x , n) = 1, it follows that e n (ayλ x ) can be expanded into a finite Fourier series with respect to the Dirichlet characters ψ modulo n. We have (using (2.1)), for x = 1, . . . , X, e n (ayλ
and so
Substituting this in (2.3) and using Lemma 1(i) (noting that (b, n) = 1), we get
Recall that λ belongs to the exponent d modulo n. Thus each dth root of unity 
where we have used Lemma 2 of Niederreiter [5] in the last step. Theorem 1 then follows, since X ≤ d < n.
Proof of Theorem 2.
In this section we write r = ϕ(n) and let By the hypothesis of Theorem 2 it is easily seen that
(a proof of the last equality can be found in Davenport [2, p. 66] ). Moreover, by the same argument used in Section 2 and using the same notation as there, we arrive at the identity Thus by (3.3)-(3.5) we have, for m = 0,
Since χ is primitive, we may write χ(x) = e r (t ind g x) with 0 < t < r and p t. From (3.6) we see that if (and only if) m satisfies m ≡ 0, t (mod p), then both ψ m and χψ m are primitive characters modulo n. Thus, by Lemma 1(iii) and (3.7), we have
On applying Parseval's formula to (3.2) and using (3.8), we have
Now, in view of (1.2), (3.1) and (3.4), Theorem 2 follows immediately.
Proof of Theorems 3 and 4.
We first prove Theorem 3. Our argument is a version of that used in Section 2. We observe that χ(aλ χ(aλ
with the Fourier coefficients
where J(χ, ψ) is a Jacobi sum
(note that we have defined that ψ(0) = 0 for any ψ ∈ F * q ). By (1.5), (4.1) and (4.2) we have
It is well known that 
This completes the proof of Theorem 3. Then, Theorem 4 follows from this, (4.5) and Parseval's formula as in Section 3.
